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Task:
Consider Z ∼ N(0, 1), Y = Z2. The goal is to find the distribution of Y given the information that Z has a
standard normal distribution.

Let Φ and φ be the cdf and pdf of Z.
Let FY and fY be the cdf and pdf of Y.

Find FY (y) in terms of Φ. (Bonus: then take the derivative to find fy(y) in terms of φ.
Hint, start this problem in the following way:

FY (y) = P (Y ≤ y) = . . .

In the very next step you should plug in Z and keep going!

Solution:
If Z ∼ N(0, 1), Y = Z2, then Y ∼ χ2

1.

FY (y) = P (Y ≤ y) = P (Z2 ≤ y)

= P (−y1/2 ≤ Z ≤ y1/2)

= Φ(y1/2)− Φ(−y1/2) y > 0

fY (y) =
∂FY (y)

∂y
= φ(y1/2) · 1

2
y−1/2 − φ(−y1/2) · 1

2
− y−1/2

=
1

2
y−1/2(φ(y1/2) + φ(−y1/2)) y > 0

we know φ(y1/2) = φ(−y1/2) =
1√
2π
e−y/2

fY (y) = y−1/2 1√
2π
e−y/2 y > 0

=
1

21/2π1/2
y1/2−1e−y/2 y > 0

Y ∼ χ2
1

note: Γ(1/2) =
√
π.


