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Bayesian Dist of the Mean

Theorem: Let X1, X2, . . . Xn ∼ N(µ, 1/τ) and suppose you have priors on µ|τ and τ ,

µ|τ ∼ N(µ0, 1/(λ0τ))

τ ∼ Gamma(α0, β0)

Then, the posteriors on µ|τ and τ are,

µ|τ, x ∼ N(µ1, 1/(λ1τ))

τ | x ∼ Gamma(α1, β1)

where µ1 = λ0µ0+nx
λ0+n

, λ1 = λ0+n, α1 = α0+ n
2
, β1 = β0+ 1

2
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Proof:
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Note, µ and τ are not independent, and ξ(µ, τ) = ξ1(µ|τ) ξ2(τ)

ξ(µ, τ |x) ∝ f(x|µ, τ) ξ1(µ|τ) ξ2(τ)

∝ τα0+(n+1)/2−1 exp
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As seen previously, we can add and subtract x inside (xi − µ)2 to get:
n∑
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(xi − µ)2 =
n∑
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(xi − x)2 + n(x− µ)2 (2)

By adding and subtracting µ1:

n(x− µ)2 + λ0(µ− µ0)
2 = (λ0 + n)(µ− µ1)
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Combining (2) and (3) we get:
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By plugging (4) into (1) we get:

ξ(µ, τ |x) ∝
{
τ 1/2exp
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]}
(τα1−1e−β1τ ) (5)

ξ(µ, τ |x) = ξ1(µ|τ, x)ξ2(τ |x) (6)
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Theorem: Let X1, X2, . . . Xn ∼ N(µ, 1/τ) and suppose you have priors on µ|τ and τ ,

µ|τ ∼ N(µ0, 1/(λ0τ))

τ ∼ Gamma(α0, β0)

Then, the marginal posterior distribution of µ can be written as:(
λ1α1

β1

)1/2

(µ− µ1) | x ∼ t2α1

where µ1, λ1, α1, and β1 are given in the previous theorem.

Proof:

First, let

z = (λ1τ)1/2(µ− µ1) = u(µ)

µ = z(λ1τ)−1/2 + µ1 = w(z)

We know (from the previous theorem):

ξ(µ, τ |x) = ξ1(µ|τ, x) ξ2(τ |x) (7)

So, ξ(z, τ |x) = ξ1(w(z)|τ, x)
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= ξ1(z(λ1τ)−1/2 + µ1|τ, x) |(λ1τ)−1/2| ξ2(τ |x) (9)
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= Φ(z|x) ξ2(τ |x) (12)

(13)

Which gives us:

Z|x ∼ N(0, 1) τ |x ∼ Gamma(α1, β1) (Independent!)

Let Y = 2β1τ → Y |x ∼ Gamma(α1, 1/2) ≡ χ2
2α1

So, creating a t random variable:

U =
Z√
Y/2α1

=
(λ1τ)1/2(µ− µ1)√

2β1τ/2α1

=
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Which gives: (
λ1α1

β1

)1/2

(µ− µ1) | x ∼ t2α1 (15)
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